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We construct Spin(p+1, p+1) covariant Dp-brane bound states by using that 
qq ■ the potentials in the RR sector of toroidically compactified type II supergrav- 

ity transform as a chiral spinor of the T-duality group. As an application, 
we show the invariance of the zero-force condition for a probe D-brane under 
noncommutative deformations of the background, which gives a holographic 
proof of the stability of the corresponding field theory ground state under 
noncommutative deformations. We also identify the Spin(p + l,p + 1) trans- 
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^ ■ formation laws by examining the covariance of the D-brane Lagrangians. 

.«?; 

I. INTRODUCTION 

Noncommutative extensions of geometry arise naturally in string theory and M-theory at 
the boundaries of open branes ]IJ. Such a boundary is restricted to end inside some other 
'host brane' where it experiences the force of a gauge invariant modified field strength which 
is essentially given by the pull-back to the host brane of a background potential. So even a 
potential which has zero background field strength, may have nontrivial effects on the open 
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brane physics in the host brane. The effect of the coupling of the boundary to the modified 
field strength can be interpreted as that the open brane sees the host brane as manifold with 
a noncommutative structure 
The dynamics of open brane-host brane systems tend to decouple from the 'gravitational' 
dynamics in the bulk in critical limits, where the electric components of the modified field 
strength and the corresponding tensions diverge, leading to open branes with finite effective 
tensions trapped inside the host branes. The idea to decouple the gravitational dynamics 
from the dynamics on the brane is an old one, as for instance |5]||. The essential new in- 
gredient is that by tuning the noncommutative deformation parameters differently one can 
obtain different critical limits giving rise to light degrees of freedom of various rank [7|J§. 
For example, a critical NS two-form leads to decoupled open strings in a spatio-temporally 
noncommutative D-brane ||. Another example is a critical RR (p — 1)— form which leads to 
a decoupled open D(j» — 2)-brane in a Dp-brane These systems have dual, perturbative 
formulations in terms of Yang-Mills field theories on spatially noncommutative Dp-branes 
PJ5||iT]|-|r2| , which is the formulation of noncommutative geometry that first came to be 
widely appreciated in the context of string theory. In M-theory a critical three-form poten- 
tial yields a decoupled open membrane theory 0|T^] on a five-brane with noncommutative 
loop space 0] . There are also noncommutative extensions of the NS five brane little string 
theories 

The critical decoupling limits can be realized as ultra violet limits for 'probe' host branes 
T^ , p!5| j8|JT6[| in the near horizon regions of bound state solutions []17| consisting of a large 



numbers of 'source' host branes bound to smeared sources for the critical fields. The ad- 



vantage of this holographic approach |Tj| , as opposed to simply considering scaling limits in 
flat spacetime, is that the supergravity duals incorporate essential nonperturbative aspects 
of the decoupled theories. Thus, a spacetime duality transformation that relates two bound 
state solutions induces a transformation between the two corresponding supergravity duals 
and their related ultra violet limits, that in turn leads to a duality between the decoupled 
theories [H,p|,[l3| . Therefore, the various noncommutative theories form a duality web which 



is inherited from the underlying spacetime theory. As a result, all maximally supersymmet- 
ric noncommutative theories in less than or equal to six dimensions can be traced back to 
the noncommutative M-theory five-brane 

This far, however, most aspects of the noncommutative open brane theories have been found 
by examining the (effective) probe brane field theories [^,|T^-^T|. From this point of view, 



the spacetime background provides the field theory moduli. A noncommutative deformation 
of the field theory corresponds to turning on a given (smeared) source in the bound state. 
The bound state incorporates the nonperturbative back-reaction on the remaining sectors, 
such as the tensions and the dilaton which are dual to the field theory moduli space metric 
and coupling. Therefore, the holographic setup provides a useful nonperturbative tool for 
examining the effect of noncommutative deformations on the field theory moduli Pj21|-p3 



In this paper we shall exploit this in showing the deformation independence of the zero-force 



condition for a probe brane; see also [24 



To facilitate this, we shall first obtain a uniform expression for all deformed Dp-brane 
bound state solutions related to a given undeformed Dp-brane solution^]. We recall that the 
noncommutative deformations of a type II Dp-brane unify with the 'diagonal' T-duality 
transformations into the T-duality group 0(p + l,p + 1). Actually, having non-zero flux in 
a p-brane bound state breaks the ISO(p, 1) covariance. It is therefore natural to wrap the 
brane on a (p + l)-dimensional torus, which may be uncompactified after the deformation. 
Note, the decoupling limits are actually sensitive to whether the brane world volume is 
compact or not ||25|| , but this distinction will not be important at the level of the effective 



field theory that we shall examine in this paper. Since the full string theory is 0(p+l, p+1; Z) 
invariant ||26|| , while the low energy effective actions possess 0(p + l,p+ 1;R) symmetry 



1 We note that there are several more or less equivalent solutions in the literature starting with [17], 
but as we shall see the particular form that we obtain here is more well-suited for the calculations 
of the brane potential. 
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27|,28|, it follows that the space of inequivalent noncommutative moduli is given by 0(p + 



l,p+ 1; R)/0(p + l,p + 1; Z) (indeed the discrete symmetry acts as a certain equivalence, 
known as Morita equivalence, between noncommutative field theories on D-branes |P9|| ). 
Thus, the desired bound states can be obtained by acting with the corresponding 0(p + 
l,p+ 1) group element on the undeformed solution. 

The massless sector of toroidically compactified type II string theory, which transforms 
irreducibly under the U-duality group, splits under the T-duality subgroup 0(d,d) into 
tensor representations in the NS sector and spinor representations in the RR sector ||30|| . 
The transformations in the RR sector were first found in , and were later related to the 



'covariance' of the Dp-brane Lagrangians [32] under T-duality transformations. It was then 



realized |33| that the form of the transformations in the RR sector simplifies using a new 



set of RR potentials. Later, guided by this and |30| , the authors of |28| gave a manifestly 



Spin(d, d) invariant form of the RR sector of the toroidically compactified supergravity 
Lagrangian (including the CS terms). The work of |34]] included fermions and massive 
II A deformations by examining the 'twist' between the left and right-moving local Lorentz 
frames on the string worldsheet induced by the T-duality. A similar approach was taken by 
the authors of Recently the Spin(p+ l,p + l) covariant formulation of D-brane actions 



with extended anomaly polynomials was given by 
In Section 2 we examine the above mentioned Spin(d, d) covariant formulation of D-branes. 
To some extent we review old results, but we also give a useful alternative derivation of the 
Spin(d, d) transformations in the RR sector by requiring covariance of D-brane actions, in 
the spirit of the work of |32]| . 

In Section 3 we give a manifestly Spin(p + l,p + 1) covariant parameterisation of Dp- 
brane bound states, and use this construction to examine some effects of noncommutative 
deformations on the field theory moduli space. It is found that the brane potential is only 
renormalized by a multiplicative factor, which gives a holographic proof of the stability of 
the field theory ground state under noncommutative deformations. 
We end with a discussion in Section 4. 



II. SPIN{D, D) COVARIANCE OF D BRANES 



In this section we discuss the T-duality transformations of the bosonic field content in 
toroidically compactified type II supergravity. Two natural ways of finding them are by 
examining either the invariance of the full supergravity Lagrangian |27]|||,[^|, or the 'co- 
variance' of brane sigma models [32 , |34 , 35 , 3j] , |38| . By covariance we here mean that the sigma 
model actions in two T-dual background are equal up to some duality transformation of the 
world volume fields. The covariance of the NS string world sheet action, which involves 
dualising a scalar in two dimensions, was used in this context to derive the T-duality trans- 
formations in the NS sector []3~^| . These were then incorporated into a manifestly 0(d,d) 
invariant low energy effective supergravity Lagrangian ||27|| . The covariance of D-branes, 
which involves double dimensional reductions, was used to derive the T-duality transfor- 



mations in both NS and RR sectors |5H? ]. Later these were incorporated into a manifestly 
Spin(d,d) invariant supergravity Lagrangian by the work of p8| , |3l| , |35| . In particular, this 
requires a new set of RR potentials [^] that transform linearly under Spin(d, d). Below we 
shall reexamine the derivation of ||32|| , using the new potentials and some other convenient 



techniques of [£8] and |36| for writing the Wess-Zumino term, and verify that the covariance 
of D-branes indeed yields the expected Spin(d, d) transformations the RR sector. 



A. General setup 

Let us begin by setting the notation and recalling the covariance properties of D-branes 
under target space T-duality transformations. Thus we consider the action of a Dp-brane 
with tension T p : 

S p [X, A; E, cf>- D] = T p (S Dm [X, A; E, 0] + S WZ [X, A;D}) , (1) 

S Bm [X, A;E,(f\ — — J dP +1 ie-^- det {{f*E) aP + a'F aP ) . (2) 

S WZ [X,A:D]= J e a ' F A f*D , (3) 
5 



Here the fields on the brane are the embedding coordinatesQX M (£ Q ), with pull-back denoted 
by /*, and the world volume vector field A a with field strength F = dA. The background 
fields in the NS sector are the dilaton and the metric and two-form potential which have 
been combined in 

Emn = 9mn + Bmn • (4) 
In the RR sector the potential D for the RR field strength R is defined by [|8|,[33|] : 



dR = -dB A R , R = e A dD . (5) 
We use multi-form notation; for example 

£ = E -^D Ml ... Ml dx Nh A ■ ■ • A dx MK . (6) 

K A - 

The Bianchi identity can also be solved using a C potential related to D as follows: 

R = dC + dB AC , C = e~ B AD . (7) 

Note, the D potential is not invariant under NS gauge transformations. However, the trans- 
formation reads 5D = 5B A D, which is in fact only to expected if D transforms linearly 
under 0(d,d), since constant NS gauge transformations on T d is a subset of the generators 
of 0(d,d). 

To find the full set of 0(d, d) transformations (Emn, 4>] D) — ► (Emn, 4>', D) we examine the 
0(d,d) covariance of the D-branes fl32| , i.e. 



Sp[X, A; E, ct>- D] = S P [X, A; E, 0; D) , (8) 
under the following three basic types of 0(d, d) transformations [^{J 0: 



2 We denote the ten-dimensional spacetime indices by M, N, . . . = 0, . . . , 9; indices of T d by 
[A, u . . . = 0, . . . , d — 1; the uncompactified spacetime indices by i, j, . . . = d, . . . , 9; and the world 
volume indices of a Dp-brane by a, (3, ... = 0,...,p. Importantly, T d may contain the time- 
direction as for example in the case of a brane configuration. 

3 We coordinitize 0(d, d) by 2d x 2d matrices 
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i) The GL(d) generators 



A 



R 



( R- 1 ^ 



R 1 



, R e GL(d) , 



(10) 



with the following action on the brane data: 



p = p, T P = T P , 



(11) 



X l = X\ X» = X"R V », A a = A a . 



(12) 



ii) The generators of constant NS gauge transformations 



A. 



(13) 



with the following action on the brane data: 



p = p, T P = T P , 



(14) 



X M = X M , F afS = F aP - {a')-\fbU ■ 



(15) 



iii) The 'diagonilised T-duality generator' 



A, 



1 C/i 



\ 



\ e A 1 e A J 



ipji)up fifivfifip j 0, . . . , d 1 , 



A = 



, A T J A = J , 



(16) 



(9) 



where J is the special 0(d, d) element given by a = d = 0, b = c = 1. This presentation is equivalent 
to orthogonal matrices A = UAU" 1 ; U = ^(1 + i& 2 ) ® 1 ; obeying A T r/A = 77, 77 = u 3 ® 1. 



7 



whose action on the brane data is given by a double dimensional reduction followed 
by an 'uplift' as follows: 



p = p - 1 , fp = Rp,T p , (17) 



. for M ^ a 

d p X M ={ , d p A a = 0, (18) 

1 for M = p, 



X M for M 

X M = { , A & = A a , a = 0, . . . ,p — 1 . (19) 

-a'A p for M = /t 



where is the radius of the /t'th direction. 



B. Transformations in the NS Sector 



We first briefly review the results for the NS sector; for a fuller review see e.g. |[26| . The NS 



sector is KK decomposed as follows [27,28 



Efxv = g^ u + B ^ 



jiV 1 



Efo, — E^A" — B' ifl , 



E ifl = A\E vtl + B' i4L , 



E %3 =E[ 3 +E, V A»A» 3 +B^A» ] , 



(20) 
(21) 
(22) 
(23) 



where En V are the KK scalars; the KK vectors are given by 



Al = (B'A?), r = ( Jl ,") = l,...,2d; 



(24) 



and E[j = g[ 3 + B[ 3 are the KK tensors. From (i) and (ii) it follows that under the generators 
Ar and A),, the KK scalars (20) transform as 



E = R~ 1 ER~ T , E = E + b 



(25) 
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where we have used matrix notation to suppress the /i, v indices, and the KK vector fl2"4|) 
transform as 



Ai = A R Ai, Ai = AhA 



(26) 



where we have suppressed the r, s indices. It then follows that the KK tensor E'^ is invariant 
under R and b transformations. To analyze (iii) one may use the Jordan decomposition 
formula for determinants. It follows that under the generator the KK scalars and vectors 
transform as 



E = E + —{1-E)efi{l + E) , 

9/ip, 



(27) 



Ai — A^A , 



(28) 



while the KK tensor is invariant. Hence, under a general 0(d,d) transformation with gen- 
erator 



A 



dj 



(29) 



it follows from fl25|) and (|27D and the fact that an arbitrary 0(d, d) element can be built by 
a series of transformations of the form (i)-(iii), that the KK scalars undergo the fractional 
linear transformation 



E = (aE + b)(cE + d)' 1 



(30) 



This is equivalent to the bivector representation M = (A 1 ) T MA 1 , where M is the 0(d, d) 
element 



<T -g™B pv 
i B pp g pu g pv - B pp g pa B au 



(31) 



From ( P6|) and (|28|) it follows that the KK vectors transform as an 0(d, d) vector: 



Ai = AAi 



(32) 



while finally the KK tensor is inert: 

Eij = Ey . (33) 
The dilaton is inert under A# and A&, while under A^ it follows from the Jordan decompo- 



sition formula that e * = e *y \gp,{i\- This is equivalent to 

e W(^^|\ (34 ) 

where we have used (p7|) to compute detg^ = (g^) -2 det g^. Since the ratio of determi- 
nants in the right side of fl34|) is inert under Ajj and Aj, it follows that (0) is actually true 
for general 0(d, d) transformations, which concludes the analysis of the NS sector. 

C. Transformations in the RR Sector 

The analysis of the RR sector becomes more transparent by using the isomorphism between 
the algebra of exterior line elements dX M and inner derivatives %u and the following auxiliary 
fermionic oscillator algebra 



{4m, ft N } = 5 N M , {^m, « = = {ft", ft N } , (35) 

$m) ] = g MN ft N , (36) 

acting on the vacuum |0), which is annihilated by ipM, and its hermitian conjugate (0| = 
(|0))t. Mapping a A'-form Qk to the operator 

i£(K-l) 

n K = [ } m ft M H Mx ■ ■ ■ ft M «i MK n K , (37) 



one has the isomorphism QAHi-> $75. The WZ term (0) can now be written as []36 



Swz = j(u p \e aF \D) , (38) 

where (u p \ = (0\f* (dX h ' h A • • • A dX M ^) ^ Mp+1 • • • j> Ml , (39) 

10 



F = ^F af3 ft a ^ , \D) = D|0) (40) 

and we have denned the pull-back to the brane of the space-time oscillator algebra fl55|) as 
follows: 

j> a = d a X M ^ M , ftf*} = 5 p a , {^ ta , ftf>} = . (41) 

The last two conditions are of course equivalent to ij) a = (f* 'g) a pvft^y ■ The volume form 
(u p \ acts as an 'intertwiner' between the two oscillator algebras ( j35[) and (41f) : 



HI (fi - = . (42) 
Under the GL transformation (i) we have 

'/■Y 'V,/ = A R dX M $ M A R X , i> a = d a X M ^ M = An^A^ 1 , (43) 
where the oscillator representation of = (exp(A)) „" is given by 



A R = Vdet Rexp(-t[j^A^ij u ) . (44) 

Using (0\A R = (0|, it follows that 

(fl p | = Hfe 1 , F = A R FA~ R l , (45) 

such that the requirement of covariance, eq. (§), implies that the generator A R is represented 
on the RR potential as 

\D) = A R \D) . (46) 
Under the NS gauge transformation (ii) the volume form (oj p \ is inert, while 

(u p \e a ' 3 = (w p \ eM-\{fb) a ^H W )e a ' f = HI exp(-h^^)e a '^ , (47) 



where we have used (|42|) . Hence it follows from (|8|) that the generator Ag is represented on 
the RR potentials as 

11 



\D) = A b \D) , A b = exp(h,J^) 
Finally, for the diagonilised T-duality (iii) we compute 



(uJ P \e a 'r 



(48) 



dt* A (0| \f*(dX Ml A • • • A dX M ")^ p ■ ■ ■ $ A \ iftfi e 



^a'd & A p ft & ftP a'F 



= de A <0| [f*(dX^ A • • • A dX^)^ p • • • ^ 
= de A (0| [f*(dX^ A • • • A dX**)j> Av --4m, 
= de A (0\f*(dX M i A • • • A dX M ^ Mp ...$ Ml e a ' F A A 
= d^ p A (Q p \ A/x , 

where M is an auxiliary nine-dimensional index which skips jl, and we have defined 

A A = ^ + , AJ = 1 . 
We have also used A^^^^A^ = —ip ajf 'ipp, and the chain rule, which yields: 



(49) 



(50) 



A = f*(dX M )^ 



M 



(51) 



Here / denotes the embedding of the original doubly dimensional reduced D(p — l)-brane 
resulting from (fT%|) and / denotes the embedding of the uplifted (p — l)-brane that results 
from identifying the T-dual direction with the internal vector field as in Since / d£ p = 
Rp,, it follows from (||) that the generator A A is represented on the RR potentials as 



\D) = Ap,\D) . 



(52) 



One can show |2£| that Eqs. fl46|) , fl48|) and ( |52|) defines a reducible Spin(d, d) representation, 



see also p4 |, such that under a general 0(d,d) transformation with generator A given by 
(EHJ) we have 



\D)=A\D) 



(53) 



In terms of the C potential, eq. (p3|) amounts to the transformation law [p2| , pT 
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\C) = e- B Ae B \C) . (54) 



The explicit expression for the Spin(d } d) generator A is given in ||28|| , but it suffices for our 
purposes here to note that 

(A?) = A f . (55) 

We remark that the Spin(d, d) representation decomposes into 2 d ~ ^dimensional chiral irreps 
of fixed form degree on the transverse space, and with total form degree being either odd 
for IIA, which yields negative chirality, or even for IIB, which yields positive chirality . For 
example, when d = 2 (// = 0, 1) the KK decomposition of the even IIB potentials leads 
to scalars {-D(o), An}; one-forms {Z?(i)j M }; two-forms {D( 2 )ij, -D(4)r/oi} and so on. The RR 
sector of the supergravity Lagrangian, including the CS term, can be written in terms 
of the D potential as a sum of kinetic terms R A * gMN R that has a manifestly Spin(d, d) 
invariant KK decomposition in terms of spinor bilinears R A A *R B Sab(M) which employs 
the spinor element Sab(M) formed out of the 0(d,d) bivector element fl3T|). 

III. APPLICATION TO NONCOMMUTATIVE THEORIES 

In this section we first use the 0(p + l,p + 1) and Spin(p + l,p + 1) transformations of the 
NS and RR sectors discussed in the previous section to write a Spin(p + l,p+ 1) covariant 
form of the Dp-brane solutions to type II supergravity (we are going to take the IIA mass 
deformation to be zero which effectively restricts our analysis to p < 7 ||39|| ). We then 
examine these solutions using a brane probe, and show that the probe brane potential is 
multiplicatively renormalized under a noncommutative deformation. We remark that other 
similar aspects of noncommutative deformations of field theories have been studied recently 



in the holographic setup; see e.g. |22 . 



A. Spin(p+ l,p + 1) covariant bound state 

We start from an ISO(p, 1) invariant Dp-brane configuration 
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ds 2 = g^ v dx^dx u + g^dx % dx^ , B 2 = P2 , ^ , 



(56) 



C = udx° A ■ ■ • dx v A (1 + a) + 7 (57) 
where u is a function and /?2, 7 and a are transverse forms: 

V/?2 = V« = V7 = • (58) 

Here is the inner derivative in the /x'th direction. We compactify the world volume in 
all d = p + 1 directions and use a Spin(d, d) transformation to generate a new solution and 
then decompactify. In case some directions are kept constant, the deformed solution gives 
rise to a supergravity dual of a noncommutative wound string theory |25 |. 



The transformation leading to a supergravity dual of a theory with noncommutativity pa- 
rameter 9^ u of dimension (length) 2 is generated by the group element 

(1 o\ 



A = A 6 • • ■ A P A_ e Ap ■ ■ ■ A 6 



6 1 



Aef , (59) 



with the spinor representation given by ( f48|) and (|5 

A = A a ---A j5 A^A ;5 ---A 5 = (A A ) =exp — ^„ . (60) 



2a' 

This corresponds to first T-dualising in all brane directions, such that one ends up with an 
array of smeared D(— l)-branes, then switching on constant NS fluxes on the T-dual torus, 
and finally T-dualising back to a Dp-brane again. Note that an arbitrary 0(d,d) group 
element A can be decomposed into a rotation An, a constant gauge transformation A& and a 
constant T-dual gauge transformation (A^) T , such that A = (A^) T A^Afe. However, a shift of 
the NS two-form potential in two directions that are tangent to a D-brane has no physical 
effect on the open string theory on the D-brane, so that A& is a trivial deformation of the 
open string theory on the Dp-brane. Nor has A# any physical effect. Hence, since we wish 
to deform the open string theory on a probe brane, there is no loss of generality to assume 
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The deformed configuration, which we denote by tildes, is determined by using (|30|)-(|34T) in 
the NS sector (there are no KK vectors), and (|54l) in the RR sector: 



9fj.f 9 hp 



(1 - (a')- 2 (eg) 2 )- 1 



= g w Q pu g.x [(1 - (a'Y 



9ij 9ij i 



v i Bij f3ij , 



det(l - (a')~ 2 (W) 



C = e~ 



is^Acfe" ( we ^9"%^ x o A • • • A dx°(l + a) + 7 ) . 



(61) 
(62) 
(63) 

(64) 



The above solution is equivalent to many other solutions in the literature [T^jT4|.[23|] . From 
the expression for B and C, we see that by choosing 9 in two spatial directions, say 1 and 2, 
we create a Dp-D(p — 2) bound state, where the (p — 2)-brane is in the directions 3, . . . ,p 
|14| . By instead choosing a spatio-temporal 9 in, say, the and 1 directions, we create a 



Dp-Fl bound state with the string in the 1 direction By using many blocks in 9 we 



can create multi-brane bound states 23 



We distinguish between the following two different situations: 1) magnetic deformations, for 
which —(9g) 2 is positive; 2) electric deformations, for which —(9g) 2 has two negative eigen- 
values. Magnetic deformations yield non-singular configurations, while electrically deformed 
configurations are non-singular provided that the electric field is not too large. For example, 
in the case that the undeformed configuration is an extremal brane which interpolates be- 
tween a near horizon region and an asymptotic region, such that we can take g^ = H-^r/^, 
with < H~z < 1, then an electrically deformed configuration is non-singular provided the 
electric eigenvalue — obeys 9 e < a'. 



B. Super gravity Duals 

As mentioned in the introduction, the near horizon regions of Dp-brane bound states are 
supergravity duals of open string theories living on probe Dp-branes |TB| , ^4| . In the ultra 
violet region of the near horizon region, where the separation between the probe and the 
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stack of source branes (given in rescaled horizon units) goes to infinity, the open string 
dynamics at the probe decouples from the bulk closed string dynamics and defines an ultra 
violet complete theory on p + 1 dimensions without gravity. 

In the case of an electrically deformed solution, the supergravity dual is obtained by the 
limit 8 e — > a' keeping everything else fixed in units of a'. The resulting 'electric' near horizon 
region thus includes both the near horizon region and the asymptotic region of the original 
undeformed brane configuration. The asymptotic geometry is however that of a smeared 
string, which leads to a critical decoupling limit in this region. The fact that the critical 
decoupling limit takes place in the asymptotic region in a way explains why noncommutative 
string theory does not require the presence of D-branes, as was recently pointed out by J|5] . 
For a magnetically deformed Dp-brane the near horizon limit is instead identical to the one 
of the original undeformed configuration^ with the additional condition that the (magnetic) 
deformation parameter 9^ u is kept fixed. Hence, field theory-near horizon limits and mag- 
netic deformations commute, while this is not true in the electric case. This is equivalent to 
the fact that field theories do not admit spatio-temporal noncommutativity deformations 
Hfl . Further aspects of this are discussed in |23J . 



The magnetically deformed Dp-brane supergravity duals thus give rise to decoupled non- 
commutative field theories (which are ultra violet complete in four dimensions; in higher 
dimensions the completion is a decoupled open string or brane theory and the field theory is 
an effective description for slowly varying fields). The field theory excitations are confined to 
the vanishing locus of the probe brane potential V. The reason is that excitations that break 
the zero-force condition are 'frozen out' in the decoupling limit, as their potential energy 



4 This is the field theory near horizon limit |T^] where x^, <J> 1 = x % jo! ', ds 2 /a', Bjol and C p /(a')^ 
are fixed. Here are the scalar fields with canonical dimension one. In the UV limit of the near 
horizon region, g^/a and u/(a ) _ 2~~ diverges, while all transverse forms and line elements goes to 
zero, since the gradients d^ 1 are fixed. 
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scales to infinity in the limit. The picture is that of a potential valley that gets increasingly 
narrow at higher energy scales, with a curvature at the bottom that diverges in the ultra 
violet. Therefore the zero-force condition is one of the basic moduli of the noncommutative 
theory, and it is natural to ask whether this data will depend on the noncommutativity 
parameter? 



C. A Holographic Non Renormalization Theorem for the Field Theory Ground State 



In order to examine the effects on the zero-force condition of a noncommutative deformation, 
we expand the Lagrangian of a probe Dp-brane in the magnetic near horizon region of the 
deformed background ( |6i| - |6^ ) in the UV. Going to the static gauge and using (plj) and 



9i* + # 



a 



det [g^ + B i 



det det g^ 



(65) 



J flU 



we find that the contribution from the kinetic term (0) to the potential has the expansion^: 



T p e-*V-det^ + + a'F^) 



det g^y 
\ det g^ 



det^ + B^) Jdet(l + (a'g- 1 + 9)F) 



T p e ~ v ~ det 9^y det ( x + 6F ) + finite - 



(66) 



The finite bit is an expansion in traces of the form 



T p e-+J- det g^a'Ytr g^Fg^FtfF) 



(67) 



that build up the kinetic term for the noncommutative gauge field and scalars |12| , |24| . Using 
the oscillator formalism in (|37f) and (j38D , and the transformation law (p3|) together with 



5 The tension T p = (a') 2 /%>. In the near horizon region the powers of a' are absorbed into 
fixed tensions and fluxes, and the dimensionless charge density \i v is fixed. The field strength 
and fi p are fixed in the UV. 
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(|60|) , we find that the contribution from the Wess-Zumino term (^) to the potential is given 
by: 

-7®\d£ A-- - Ade $ p -'-j>o e ^^ v e^^ uft°---ft p \0) 
= -T p d? +l i u (0\ e ^^e^"^ v \0) 



= -T p d p+1 £ uj v /det(l + OF) . (68) 

Note, the determinant is a square of Pfaffians, so that the last expression is indeed a poly- 
nomial in traces of OF. A noncommutative deformation therefore leads to a multiplicative 
renormalization of the potential, i.e. the deformed potential 



V — •v/det(l + OF) V , (69) 



where V = T p (e~«y- det g - ujj (70) 

is the undeformed potential. We remark that the dilaton scales in the UV precisely as to 
make ( BTH finite, and hence the first term in (BB) diverges (note that and F are fixed). 
Moreover, T p u diverges in the UV, so Q5"8| ) diverges in the UV too. Hence, if non-zero, the 
potential ( |70[ ) diverges, so that in the UV the excitations of the field theory are confined to 
the vanishing locus of ([7(]) which defines the ground state of the field theory. Hence, from 
(|69|) it follows that the noncommutative deformation does not shift the field theory ground 
state. 

IV. DISCUSSION 

The non-renormalization theorem for the zero-force condition has consequences for the S- 
duality between noncommutative Yang-Mills and open string theories (for p = 3), which 
will be reported elsewhere [EM] . Here it suffice to mention that in a case with less symmetry, 



such that V = is a non-trivial truncation of the probe brane field theory, as is e.g. the case 
with brane solutions which approach warped AdS compactifications in their near horizon 



regions ||41|| , it follows from (|69|) that the exact Gross-Nekrasov monopole solution [[42 



can 



be embedded in the UV-complete field theory on the vanishing locus. 
The deformed solution (|6T])-(|6"4"|) reproduce many solutions already known in the literature. 
In particular, since the 0(d,d) transformation does not break supersymmetry, it follows 
that by starting from a maximally symmetric D-brane solutions and considering general 
9 that one can have bound states with several different smeared sources that still has 16 
unbroken supersymmetries. For instance, the interesting 'maximal' D4—D2—D2—D0/M5 — 



M2 — M2 — MW IIA/M-theory solution | 16fl , that appeared only recently and that has a 
very interesting phase structure, can be obtained rather straightforwardly from fl6l|)-(|64D 
by starting with a maximally symmetric D4-brane and taking non-zero 9 12 and 6 34 . The 
duality chain of maximal M-theory/IIB solutions will give rise to an enlarged duality web 
of decoupled noncommutative theories as well as ten and eleven-dimensional theories, and 
the deformed solution (BTT)— (B4[) may be useful tool in examining this |43| 
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